Collapse and Revival and Cat States with an Spin System 
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We discuss collapse and revival of Rabi oscillations in a system comprising a qubit and a "big 
spin" (made of A'^ qubits, or spin-1/2 particles). We demonstrate a regime of behaviour analogous 
to conventional collapse and revival for a qubit-field system, employing spin coherent states for the 
initial state of the big spin. These dynamics can be used to create a "Schrodinger cat" state of 
the big spin. Even for relatively small values of A'^, states with significant potential for quantum 
metrology applications can result, giving sensitivity approaching the Heisenberg limit. 



PACS numbers: 03.65.-w, 42.50.-p, 03.67.-a 

Collapse and revival of the Rabi oscillations of a qubit, 
or two-level atom, coupled to a field mode [HE] provide a 
remarkable and much-discussed illustration of the quan- 
tum nature of the composite qubit-field system. The col- 
lapse of the Rabi oscillations arises through qubit-field 
entanglement, yet half way to the revival of the oscilla- 
tions the field and qubit disentangle again, with the quan- 
tum information in their initial states effectively swapped 
into their counterpart system [3]. This enables, for exam- 
ple, the generation of so-called "Schrodinger cat" states 
of a field mode — superpositions of two (approximate) co- 
herent states of the field The addition of further 
qubits has led to the phenomena of entanglement sudden 
death [5H7], collapse and revival of entanglement 7J and 
cat-swapping [^. 

In this work we discuss collapse and revival of the Rabi 
oscillations of a qubit coupled to a "big spin" made of 
N qubits, or spin-1/2 particles. We demonstrate that 
preparation of the N spins in a spin coherent state — the 
analogue of a coherent state for a field mode — facilitates 
collapse and revival phenomena. We isolate a regime of 
parameter space where conventional looking collapse and 
revival occurs and thus "Schrodinger cat" states of the 
big spin emerge prior to revival, although we note that 
different and interesting forms of revival dynamics occur 
in other parameter regimes. 

Quantum metrology [5l411j is an emerging quantum 
information application where entangled quantum re- 
sources are employed to measure an unknown external 
potential or field that through interaction generates a 
phase in the state of the quantum resources. Enhanced 
measurement precision — beyond the "Standard Quan- 
tum Limit" achieved using the resources one-by-one, or 
classically — is possible. In principle, precision all the 
way down to the "Heisenberg limit" can be attained. 
Schrodinger cat states are one form of non-classical re- 
source with significant potential for metrology, with spin 



cats enabling enhanced magnetic field sensing 12, . We 
therefore assess the ability of the states produced through 
spin collapse and revival for quantum metrology, and 
demonstrate that accuracy close to that of the Heisen- 
berg limit could be attained. 

We begin our discussion with the familiar qubit-field 
dynamics. The Jaynes-Cummings (JC) model [1] for the 
interaction of a bosonic field mode with a qubit, or two 
level atom, is described by the Hamiltonian 

i/jC = t^a^a + ^o-^ + A (a^o-_ + a(T+) , (1) 

where and a are the field mode creation and annihi- 
lation operators respectively, and = |0) (0| — |1) (1|, 
''■+ = |0) (1| (J- = |1) (0| are qubit operators. As- 
suming resonance (17 = a;), if the qubit is initially in 
the state |0) and the field initially in a coherent state 
I a) = ||a|e'"^) we see the well-known collapse and revival 
of oscillations of {^^{t)) [red line, figure [I] (a)] and the 
dip in the qubit entropy at half of the revival time (green 
line, figure [l] (a)). 

Gea-Banacloche [31 d] has made an insightful analysis 
of these features. For example, he has shown that when 
|a|^ ^ 1, there are two initially orthogonal qubit states, 
\D± (0)), that - to a good approximation - evolve without 
entangling with the field mode. He has also shown that 
at a particular time tg, which is equal to half the revival 
time, these states coincide: |Z?+(io)) = l-D-l^o))- This is 
known as the attractor state of the qubit and it is inde- 
pendent of the initial qubit state. Since any pure state 
of the qubit can be written as a superposition of 11?+ (0)) 
and \D _{{))), it follows that any initial qubit state will 
converge to the attractor state at to- This explains the 
dip in qubit entropy at half the revival time in figure [T] 
(a). Since the state of the composite qubit-field system is 
pure at all times, the field must also be in a pure state at 
Iq. For a judicious choice of initial qubit state, the field 
is in a "Schrodinger cat" state at this time [H [13] . 
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Instead of the interaction of a field mode with a two 
level atom, we consider the interaction of a system of N 
spin- i particles (which we refer to as "the big spin" ) with 
a single spin-^ particle (a qubit) via the Hamiltonian 



H 



A 

iV 



( J+CT- + J-Cr+) 



(2) 
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where = \ "'^ ^-i^d J± — cr^.' are oper- 

ators that act on the big spin and a^i^ = jt^*)) (t*-''''| - 
||(')^ l^\y) I acts on the individual spins that make up the 
big spin. 

We say that the big spin is initially in a s'pin coherent 
state I-/V, C)- A spin coherent state [131 US] of the N spin 
system is one in which each of the N spins is in the same 
pure state. This state is parameterised by the complex 
number 



\N,0 



'1 + \C\ /N 



l(i) 



C/VN 



l + lCl^ /N 



(3) 

There is an equivalent definition of the spin coher- 
ent state in terms of the angular momentum states, 
^,n— = l'^); which are simultaneous eigenstates 



12';° 2 
of Jz (with eigenvalue n 
momentum operator = 



- N/2) and the total angular 
+ Jy + Jl [with eigenvalue 



=y(^ -I- 1)]. In terms of these states, the spin coherent 

N 



State is |iV, Q = J2n=o I") where 
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Plotted in figure [l](b) (again assuming resonance fl = 
Lo, qubit initially in |0), and initial spin coherent state 
with ( = 4, N = 170) are {(7z{t)) and the linear entropy 
of the qubit. The oscillations in (az) undergo a collapse 
and revival that is very similar to the collapse and revival 
in the JC model. 

The similarities between our qubit-big spin system and 
the JC model can be understood by looking at the N 
oo limit of the big spin system. To see the connection, 
we write J± in terms of the angular momentum states: 



f ^ I 




Taking the N oo limit we find that and are 
° VN VN 

mathematically identical to the bosonic creation and an- 
nihilation operators with the angular momentum states 



I N 



,n- 



) playing the role of "Fock states" in 
our big spin system. Similarly, it can be shown that 
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FIG. 1. (colour online). When ^ < 1 < iV, there is a 
correspondence between the qubit-big spin model and the JC 
model. Here we see collapse and revival of {a 2) (red line) in 
(a) the JC model, and (b) the qubit-big spin model. 



lim^v-i-oo (^Jz + mathematically the same as a^a, 

the field mode number operator. Combining these facts 
we see that our Hamiltonian (pi is equivalent to the 
Jaynes-Cummings Hamiltonian (1| in the TV — > 00 limit. 
Moreover, given our definition (4) of the spin coherent 
state, one can use the Poisson Limit Theorem |16j to 
show that, in the N ^ 00 limit (if |^| is kept constant 
as we take the limit), the spin coherent state is mathe- 
matically identical to the field mode coherent state: 



lim 

N-^ao 



\NX) 



n— ^ 



(7) 



In the N ^ 00 limit we see collapse and revival of (az) 
because both our big spin initial state and Hamiltonian 
are mathematically the same as those that result in col- 
lapse and revival in the field-qubit interaction. This cor- 
respondence between our big spin-qubit model and the 
JC model is exact in the N ^ 00 limit. If N is finite, it 
is not exact but is very good when ^ 1 <C (as- 
suming that the big spin is initially in the spin coherent 
state |iV, C))- If ICI^ ~ the correspondence between 
the qubit-big spin model and the JC model breaks down. 

We make use of the correspondence when '-^ <C 
1 ^ to propose a method of creating spin cat states. 
By analogy with the approximation of Gea-Banacloche 
for the JC model, we suggest that initial qubit states 
\D±{0)) = ^ (|0) ± e"*"* |1)) evolve without entangling 

with the big spin when 1 <C |C|^ ^ N: 



\Di{0))\N,0 
where \D±{t)) — 

1 - and 



A 



\D±{t)) e"^'^'^^^^ \NX) , (8) 
(|0) ±e-**e±"*/2*" |1)). Here to = 

is the complex phase of C = |C|e"^. 
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At time t = towe can see that \D+{to)) = |_D_ {to)) and 
the qubit is in the attractor state ^ (|0) + ie^"^ |1)), 

regardless of the initial state of the qubit. The big spin 
is, at this time, in a pure state that will depend on the 
initial state of the qubit. For initial qubit state |0) = 
^ {\D+{0)) + |D_(0))), the big spin is, at time to, in 
the state 



l^c> = 



^ |iV,C) +e+''"" 



0]. 



(9) 

a "Schrodinger cat" state. The M has been in- 
troduced to maintain normalisation of ji/'c) since 

general, not orthogonal to each other. 
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FIG. 2. (colour online), (a) Fidelity at to is marked by a 
black dot. For iV = 40, 70, 100 the fidelity is high at this 
time. The fidelity around to is highly oscillatory. (|(^|^ = 6.5 
in each case.); (b) For A'' not too small, fidelity at to is high 
for a broad range of values of |^|^ <^ N. Our approximation 
is no longer valid in the region where |Ci^ ^ N. 

This approximation is found by analogy with Gea- 
Banacloche's JC model analysis. To rigorously show 
that it is a good approximation, one could show that 
the fidelity of the approximation against the exact state 
approaches unity as |C|^ and N both increase (with 

1 < Id < N). Since this is a lengthy calcula- 
tion we support our claim here by pointing to the fi- 



delity plots, figures 2(a) and |2(b)| These plots show 
F — \/(V'cl PBs(^) IV^c)' the fidelity of I^Ac) against the 
(exact) red uced big spin state PBs(^) plotted a gains t 



time [figure 2(a) 
for N = 10,40,70,100 



and against \C\ at to [figure 2(b) 
For N = 100 



for example, the 
fidelity at to [marked by a black dot in figure 2(a)| is high 
(~ 0.95). This is telling us that the big spin system is 



close to the cat state \ip() at to- Figure 2(b) shows how 
the fidelity at to varies with Id . For TV = 100, there IS a 
broad range of values of |d <C TV for which the fidelity 
at to is high and slowly varying. This tells us that the 
fidelity at to is not too sensitive to our choice of [Cl^ for 
the initial spin coherent state. The fast oscillation of the 



fidelity in figure 2(a) however, tells us that the fidelity 



is sensitive to the interaction time. 

Although we expect to see a good cat state when 1 <C 
Id^ ^ N (because of the correspondence between our 
big spin model and the JC model), numerics show that, 
interestingly, fidelity to a cat state is high for relatively 
small values of N. At N = 40, for example (green lines 
in figure [2|, F > 0.9 at to, again for a broad range of 
values of |d^ < N. 

To see that this is indeed a cat state, we plot in figure 
[3) for A^ = 5,10,20,40, the spin Wigner functions [Ijj 
of PBs(^o)- A spin coherent state is represented by a 
circular blob in a spin Wigner plot. A superposition of 
spin coherent states would be represented by two circular 
blobs with interference fringes between them. Here, in 
figure [3(d)| instead of circles, we have two crescent shapes 
with interference fringes between them - clearly a cat 
state, although not quite a superposition of spin coherent 
states. 

We now try to quantify the usefulness of such a state 
for metrology or, in particular, for magnetic field sensing. 
A system of A^ spin-^ particles initially in the cat state 
\ip(^) is allowed to interact with an unknown (classical) 
magnetic field, B — By, via the Hamiltonian H = ^ByJy, 
where 7 is the gyromagnetic ratio of our A^ spin system. 
After a time t, our spin system is in the state \^c,{0)) ~ 
^i-tBytjy 1^^^ _ ^iBjy ^) ^ whcrc wc have defined 9 = 
jtBy. Since 7 and t are assumed to be known, estimating 
6 is the same as estimating By. The precision A6 with 
which we can estimate the parameter 9 is bounded by the 
Cramer- Rao inequality [H], {A9)^ > 1/J-, where is 
the quantum Fisher information. For ease of comparison 
between different values of A^ we quantify precision by 
N{A9)'^ > N /F. Given that our A" spin system evolves 
unitarily and is initially in pure state \tpt^) we can write 
the quantum Fisher information as 



J" = 4 A J, 



In figure [i] we plot N/F against [Cj for ^ = 
10,40,70,100. If C = 0, our initial state \^q=o) is just 
a spin coherent state and N/F = 1, the standard quan- 
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FIG. 3. (colour online). Spin Wigner functions of PBg(to), 
the exact reduced big spin state at to (with \(\ — 0.16A''). In- 
teractive figures showing the states in (b) and (c) are available 
as supplementary material |18| . 




FIG. 4. (colour online). N/T = 1 at |c^p = corresponding 
to the standard quantum limit. The Heisenberg limit, N/J' = 
is marked by a black line. 



turn limit. The Heisenberg limit, N/T = 1/N, is marked 
in figure |4] by a black line for each N . We see that, 
especially for large N, our cat state ji/'^) can allow for 
magnetic field sensing close to the Heisenberg limit, even 
in the ^ N regime in which the cat state emerges 
from the collapse and revival dynamics. 

In conclusion, we have considered collapse and re- 
vival phenomena for a single spin coupled to a composite 
big spin, identifying a parameter regime corresponding 
to conventional qubit-field mode behaviour. Here the 
evolving system can produce non-classical (Schrodinger 
cat type) states of the big spin. Such states are capa- 
ble of quantum-enhanced field sensing that approaches 



the Heisenberg limit for modest values of N, the num- 
ber of component spins in the big spin. From a practi- 
cal perspective, these states can be generated from very 
straightforward initial states: the qubit is initially in a 
pure state and the big spin is in a separable state of 
its N component spins with each of the spins aligned (a 
spin coherent state). Furthermore, any physical realisa- 
tion for which there is control at the Rabi period time 
scale should have sufficient time resolution to identify the 
time(s) at which a cat is generated. 

Future work will consider in detail the robustness of 
the collapse and revival and cat state generation to var- 
ious forms of decoherence. In addition, in the |^|^ « N 
parameter regime it is possible to explore other regimes 
of "non-standard" collapse and revival. These will be 
discussed in a forthcoming paper [2D] . 
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